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Radiative Characteristics of Opaque Spherical Particles Beds:
A New Method of Prediction
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The aim of this paper is to present a new method to compute the radiative characteristics of spherical particles
beds. This method is applied to beds made of opaque diffusely or specularly reflecting particles with size parameters
ranging in the geometric optics limit. It is based on a Monte Carlo procedure, and no hypotheses are made on
dependent or independent scattering regime. Thus, the limits of validity of independent scattering hypothesis are
investigated. Firstly, we present the principle and the hypothesis of the method. It is then applied to different beds
and permits us to analyze the evolution of the extinction coefficient, scattering albedo, and phase function of the
bed with the porosity and with the reflecting properties of the particles. Thereafter, the radiative characteristics
obtained are compared to those predicted by the correlations issued from the literature. Our results proves to be
very close to those of predicted by the correlation of Kaviany and Singh but somewhat different from the results of
Kamiuto’s correlation. Finally, the hemispherical transmittances of packed beds are calculated using the discrete
ordinate method and compared to the experimental results of Chen and Churchill and to theoretical results issued
from literature.

Nomenclature
c = average interparticle clearance
d = distance between the center of two neighboring

particles
dω(θ ′

i ) = solid angle around direction θ ′
i

G = random generated number
I (y, µ) = luminance at the abscissa y(m) in the direction µ
Npart = number of particles per unit volume of the bed
n = refractive index of the particle
P(β) = scattering phase function
R = radius
Spart = cross section of the particles
T = hemispherical transmittance
x = size parameter of the particle (x = 2π Rpart/λ)
y0 = thickness of the packed bed
α = angle between intercepted ray and the normal to the

surface of the particle, rad
β = extinction coefficient, m−1

ε = porosity
θ = angle between the starting ray and the ray scattered

away from the sphere, rad
θ ′ = angle between intercepted and reflected rays at the

surface of the particle, rad
λ = wavelength, m
µ = directing cosine
ρλ(α, n) = reflectivity of the specularly reflecting particles
ρ̄ = hemispherical reflectivity
ω = scattering albedo

Subscripts

bed = of the bed
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ho = isotropic and homogeneous absorbing
and scattering medium

ind = from independent scattering theory
part = of the particle
sphere = of the sphere

I. Introduction

R ADIATIVE heat transfer has been proven to play a significant
part in the total heat transfer through packed and fluidized beds.

In many engineering applications, it is then necessary to understand
well and model the radiation–material interaction phenomenon oc-
curring in that kind of medium. Recent works on this subject com-
prise both independent and dependent scattering studies.1

The independent scattering hypothesis is satisfied if the following
are there:

1) There is no interference between the scattered waves (far-field
effects). This leads to a limit on the minimum value of c/λ.

2) Particles behave as point scatterers (near-field effects are ne-
glected). That is, the distance between neighboring particles is large
compared to their sizes. Thus, each particle scatters as if it were
alone. This leads to a low limit value of the porosity.

In the case of dependent scattering, interparticle effects should
be accounted for in the calculation of the assembly radiative char-
acteristics. These effects involve the following:

1) Far-field effects result from interference between the waves
scattered by the particles with phase difference. They only affect
the scattering characteristics of the medium.

2) Near-field effects are the effects of multiple scattering in an
elementary volume in which the scattering and absorption charac-
teristics of a particle are affected by the proximity of other particles.

The limits of applicability of the theory of independent scattering
have been experimentally investigated since the beginning of the
1970s by several authors, including Hottel et al.,2 Ishimaru and
Kuga,3 and Brewster.4 Brewster4 and Yamada et al.5 proposed a
single criterion based on the value of the dimensionless number
c/λ.Their results indicated that no dependent effect occurs as long
as c/λ > 0.3 or 0.5.

Singh and Kaviany6 examined dependent scattering in packed
beds of large-size particles (geometric optics domain) by carrying
out Monte Carlo simulations. The Monte Carlo simulations for dif-
ferent porosities are compared with available experimental results
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and also with the results obtained from the solution of the radiative-
transfer equation (RTE) derived under assumption of independent
scattering. The independent theory is shown to fail for systems with
low porosity even when the c/λ criterion is satisfied. The failure is
more drastic for transmission through beds of opaque spheres than
for transparent and semitransparent spheres. For the same particle
radiative characteristics, the deviation from the independent theory
is shown to increase with a decrease in the porosity. The deviation
from the independent theory can be significant even for porosities
as high as 0.935.

Different methods have been proposed in order to take into ac-
count the dependent scattering of spherical particles:

1) Kamiuto7 and Kamiuto et al.8 have proposed an heuristic
correlated-scattering theory for packed beds consisting of relatively
large spheres. The extinction coefficient and the albedo are scaled
by a factor γ such that

β = γ × βindependent and ω = 1 − (1 − ωindependent)/γ

where

γ = 1 + 3
2 × (1 − ε) − 3

4 × (1 − ε)2 for ε < 0.921

The absorption-efficiency factor is assumed to be identical with the
uncorrelated absorption-efficiency factor. The phase function is left
unchanged from the independent scattering case. For opaque parti-
cles, the uncorrelated radiative characteristics are determined by a
combination of the geometric optics laws and of diffraction theory
from hemispherical reflectivity of particles.7 Using this correlation,
the authors calculated the hemispherical transmittances of randomly
packed beds of spheres under the conditions corresponding to the
experiments of Chen and Churchill. They found that their corre-
lation provides much better agreement with the Chen–Churchill
experiments than the results obtained from independent scattering
theory.

In Ref. 8, the authors applied the geometric optics theory to alu-
mina or stainless-steel spheres. The albedos and the asymmetry
factors (

g̃ = 0.5 ×
∫ 1

−1

P(1, µ′)µ′ dµ′
)

of the phase functions of packed beds of stainless steel and alu-
mina have been also determined experimentally by using the emerg-
ing intensity fitting method. The experimental results are compared
with theoretical predictions based on these authors correlated scat-
tering theory. It has been found that the albedos obtained are close
to the theoretical predictions, but the measured values of the asym-
metry factors significantly differ from the predicted values derived
from this theory.

2) Kaviany and Singh9 and Singh and Kaviany10 have presented a
method for modeling dependent radiative heat transfer through beds
of large spherical particles. Such a system of large spheres lies in the
dependent range (multiple scattering) even for large porosities. The
dependent characteristics for a bed of opaque spheres are obtained
from their independent characteristics by scaling the optical thick-
ness while leaving the albedo and the phase function unchanged.
The scaling factor Sr is calculated by finding the ratio of the slopes
calculated by the Monte Carlo method and by independent theory.
Sr is found to depend only on the porosity and is almost independent
on the emissivity. The values of Sr are fitted as follows:

Sr = 1 + 1.84 × (1 − ε) − 3.15 × (1 − ε)2 + 7.2 × (1 − ε)3

for ε > 0.3

It is shown that such a simple scaling for nonopaque particles is not
feasible.

These authors have also compared their results with those of
Kamiuto7 obtained from the correlated scattering theory (just re-
ported). In this case, the results do not generally show good agree-
ment with the results obtained with the Monte Carlo method.

3) In Jones et al.,11 the radiation intensity exiting a heated, non-
isothermal packed bed of monodispersed, opaque, large spherical
particles (1 mm diameter, porosity of 0.37) with boundary emission

and reflection is measured spectrally and directionally using a radio-
metric technique. The authors compared measured and computed
intensities. The bed is considered one dimensional and optically
thick, and is submitted to known constant temperature boundary
conditions. Intensity exiting the bed is numerically simulated by
using a discrete ordinates solution to the RTE, coupled to a solution
of the energy conservation. Radiative characteristics are obtained
by using the geometric optics and diffraction correlated scattering
theory derived by Kamiuto7 and Kamiuto et al.8 It is found that
measured and computed intensities agree quite well in near-normal
directions. However, the values of measured and computed intensi-
ties diverge as the polar angle is increased beyond about 48 deg, with
the measured results showing a strong directional character, while
the computed results are almost diffuse. Intensities computed with
radiative characteristics obtained from independent scattering the-
ory demonstrated that independent scattering does not hold in this
case. This suggests that either radiative transfer near the boundaries
of this medium might not be adequately represented by a continuous
form of the RTE or that the characteristics derived from correlated
scattering theory are not adequate.

4) In a recent work, Baillis and Sacadura12 compared measured di-
rectional spectral emissivity to theoretical predictions for an isother-
mal medium made of a dispersion of large oxidized bronze (opaque)
spherical particles. Two porosities are tested 0.31 with sphere di-
ameter 300 µ and 0.39 with sphere diameter 400 µm. Comparison
between experimental and theoretical emittance results tend to show
that Singh and Kaviany’s correlation is suitable and necessary.

As can be seen, most of these works have investigated the limit
of the independent theory and obtained correlations designed to
determine the radiative characteristics of the beds. They were par-
ticularly interested in the evolution of extinction efficiency, but the
different correlations proposed lead to noticeably different results.
Moreover, as regards the evolution scattering parameters (albedo
and phase function), especially the albedo, their conclusions are
somewhat different, and several hypothesis are made.

We then have developed a new method to identify the extinction
efficiency as well as the scattering albedo and phase function of
beds of large, opaque, spherical particles. The method is based on
a Monte Carlo procedure applied to beds of randomly positioned
particles. The porosity of the beds ranges from 1 to 0.53.

First, the hypothesis and the principle of the method are explained
in detail, and the accuracy of the method is discussed. Thereafter, we
present the results of the identification for beds of opaque spheres
with varying reflectivities. The limit of application of independent
scattering hypothesis is investigated. Moreover, the radiative charac-
teristics obtained are compared to those predicted by the correlations
of Kamiuto et al. and Kaviany and Singh.

Finally, the hemispherical transmittances of packed beds of alu-
mina are calculated from the radiative characteristics obtained by
our method and using the DOM. The results are compared to the
experimental results of Chen and Churchill.13

II. Description of the Method
A. Hypotheses

Several hypotheses are employed in order for our method to be
applicable. First, we suppose that the radius Rpart of the spherical
particles of the beds is much greater than the wavelength λ of the
thermal radiation studied. For a radiative heat-transfer calculation at
300 K, the wavelength concerned range between 5 and 25 µm. We
will consider beds made of particles with radius greater than 100µm.

The size parameter x of such particles is much greater than one,
and then the radiation–matter interaction could be treated using the
geometric optics laws.

Moreover, the influence of diffraction on the radiative heat trans-
fer is neglected. Indeed, the diffraction phase function for large
particles is predominantly oriented in the forward direction, and
diffracted rays are very close to transmitted rays. We then assume,
here, that diffraction can be treated as transmission.

Given that the medium is made of randomly positioned spherical
particles, we also assume that all of the properties are independent
on the azimuth angle (azimuthal symmetry).
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Finally, we suppose that the particles contained in the beds are
opaque. Our study can take into account two types of particles:

1) The first type of particle consists of large diffusely reflect-
ing spheres: the reflectivity of the particle is the same whatever the
direction of incident ray is. This reflectivity is equal to the hemi-
spherical reflectivity ρ̄ of the solid phase contained in the particle.
Moreover, the rays intercepted by a surface element of a particle
could be reflected in all directions of the hemisphere with the same
probability.

2) The second type of particle consists of large dielectric (imag-
inary index k � n) and specularly reflecting spheres: the specular
reflectivity strongly depends on the refractive index n of the solid
phase as well as on the angle α between the intercepted ray and the
normal to the surface. It could be surprising that the particles are
dielectric and opaque too. In fact, the imaginary index k is much
smaller than n but not null, and the particles are assumed sufficiently
large to consider that the rays entering the particles are all absorbed
before leaving it. The reflectivity is then determined using the laws
of reflection and refraction for dielectrics given in Ref. 14. We have

ρλ(α, n) = 1

2

sin2(α − χ)

sin2(α + χ)

[
1 + cos2(α + χ)

cos2(α − χ)

]
(1)

χ = sin−1

[
sin(α)

n

]
(2)

Moreover, the angle between the normal to the surface and the re-
flected ray is equal to the angle between the incident ray and the
normal to the surface.

B. Principle of the Method
The principle of the method is to determine the values of the ex-

tinction coefficient βbed, the scattering albedo ωbed, and the scatter-
ing phase function Pbed(θ

′) of the homogeneous isotropic absorbing
and scattering medium that best match the radiative behaviour of the
beds.

First, we generate beds of spherical particles of infinite length,
height, and width and with varying porosity. The beds are made of
randomly positioned particles. The porosity of the beds generated
varies between 1, when neighboring particles are very distant from
each other, and 0.53, for a bed of touching particles.

Then, a Monte Carlo procedure starts and the path of a ray, starting
in random points of the bed and with random starting directions, is
tracked until it leaves a sphere of radius Rsphere centered on the
starting point. The choice of the radius of the sphere is discussed
thereafter.

The rays can pass through the sphere without being intercepted or
undergo one or several reflections at the surface of the particles and
be partially absorbed before leaving the sphere. Each time rays are
reflected at the surface of a particle the angles θ ′ between incident
and reflected directions are memorized. Moreover, when rays leave
the sphere after one or several reflections the angles θ between the
starting and scattered directions are also memorized (Fig. 1).

For a great number of rays, we can compute the following:
1) Trans is the proportion of the starting energy leaving the sphere

without being intercepted (transmitted rays).
2) Sca is the proportion of starting energy leaving the sphere after

one or several reflection (scattered rays).
3) E(θ) is the average angular repartition of the energy scattered

outside the sphere of radius Rsphere. In practice, the repartition is
discretized for θ0 = 0 deg, θ1 = 1 deg, . . . , θ180 = 180 deg. Then,
all the rays leaving the sphere with an angle θ comprised between
θi − 0.5 deg and θi + 0.5 deg are regrouped in E(θi ).

4) S(θ ′) is the average angular repartition of the rays reflected
by the particles. This repartition is obtained by memorizing ev-
ery reflecting angle each time a reflection occurs. As for E(θ), in
practice, the repartition is discretized for θ ′

0 = 0 deg, θ ′
1 = 1 deg,

. . . , θ ′
180 = 180 deg.

These four parameters entirely describe the radiative behavior of
the bed. The characteristics of the bed are computed from these
parameters.

Fig. 1 Monte Carlo procedure in the sphere of radius Rsphere.

Indeed, considering the bed as a homogeneous isotropic absorb-
ing and scattering medium, the parameter Trans only depends on its
homogeneous extinction coefficient βbed. By definition, we have

exp(−βbed × Rsphere) = Trans

⇔ βbed = −Log(Trans)/Rsphere (3)

As regards the scattering phase function of the bed Pbed(θ), it can
be obtained from the discretized angular repartition S(θ ′) calculated
from the Monte Carlo procedure. Indeed S(θ ′) represents, in fact, the
probability for an incident ray to be scattered in a direction making
an angle comprised between θ ′ − 0.5 deg and θ ′ + 0.5 deg with the
incident direction. Whereas Pbed(θ

′) dω represents the probability
for the incident ray to be scattered in the solid angle dω centered
on the direction making an angle θ′ with the incident direction. The
discretized scattering phase function is then obtained by

Pbed(θ
′
i ) = S(θ ′

i )/dω(θ ′
i ) for i = 0, . . . , 180

We have

dω(θ ′
i ) = 2π sin(θ ′

i )�θ ′
i = 2π sin(θ ′

i ) × 2π/360

for i = 0, 180

and then

Pbed(θ
′
i ) = S(θ ′

i )

sin(θ ′
i ) × π 2/90

(4)

The scattering phase function is then normalized to have

1

4π

180∑
i = 0

Pbed(θ
′
i ) × 2π sin(θ ′

i ) dθ ′
i = 1 (5)

Finally, as regards the scattering albedo of the bed, it could not be
determined directly. To solve the problem, we apply the same Monte
Carlo procedure to an homogeneous, isotropic absorbing and scat-
tering medium having an extinction coefficient β = βbed a scattering
phase function P(θ ′) = Pbed(θ

′) and a varying albedo ω. We then
compute the parameters Transho, Scaho, and Eho(θ), which have the
same significance as before, but now concern the isotropic absorbing
and scattering medium. An iterative process is then applied in order
to determine the value of ω for which Scaho = Sca. We then have,
for the homogeneous absorbing and scattering medium associated
with the bed,

Transho = Trans, Scaho = Sca and Sho(θ
′) = S(θ ′)

However, in order for this medium to represent exactly the ra-
diative behavior of the bed the angular repartitions of scattered
energy E(θ) and Eho(θ) must be very close to each other. Then,
we have also compared the angular repartition of the energy scat-
tered away from the sphere E(θ) and Eho(θ) for the beds studied.
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Fig. 2 Comparison of the average angular repartition of the energy
scattered away from the spheres for a bed of diffusely reflecting particles
with porosity of 0.8517 and for the associated homogeneous absorbing
and scattering medium.

Fig. 3 Comparison of the average angular repartition for a bed of spec-
ularly reflecting particles with porosity of 0.7615 and for the associated
homogeneous absorbing and scattering medium.

Figures 2 and 3 depict these repartitions for a bed of diffusely re-
flecting particles with porosity 0.85172 and a bed of specularly re-
flecting spheres with porosity 0.76156. On both figures, the points
in the lower half of the curve are simply repeated points from the
upper half.

As can be seen, in both cases E(θ) and Eho(θ) are very close
to each other. The fluctuations observed are mainly caused by the
Monte Carlo procedure, which generates random numbers to deter-
mine the path of the rays. These fluctuations are more pronounced
for the directions close to 0 and 180 deg for which the solid angle
is small, and then the energy collected during Monte Carlo proce-
dure is small. They could be noticeably reduced by increasing the
number of rays that would also increase the computation time. We
then can conclude that the behavior of the homogeneous absorbing
and scattering medium associated with the bed studied match the
radiative behavior of the bed very well.

C. Generation of the Beds
Our program permits the generation of beds of varying porosities.

The particles in the beds are randomly positioned. The variable Rpart

and d, which respectively correspond to the radius of the particles
and to the distance between the centers of two neighboring parti-
cles, are the two parameters that entirely describe the arrangement
and from which beds are generated. The beds used for the Monte
Carlo procedure must have infinite length, height, and width in order
for the Monte Carlo procedure to be applicable from any starting
point. However, to limit the memory requirement as well as the
computational time we considered that the whole bed is made up
by several identical samples, contained in parallelepipedal boxes,
which are arranged side by side (see Fig. 4). This sample must
contain enough particles to be representative of the morphology of
real beds.

Table 1 Porosities of the beds
studied with the corresponding
value of nonunit number d/Rpart

Porosity ε for
d/Rpart random particle

10 0.99602
7 0.98884
4 0.93975
3 0.8572
2.5 0.76153
2.3 0.70197
2.2 0.65777
2.1 0.60596
2 0.53094

Fig. 4 Generation of the arrangement from one representative sample.

The representative sample is obtained from one ball placed at its
center. Several neighboring balls of radius Rpart are then randomly
generated at a distance d from this first one and so on. These particles
could be totally or partially contained in the representative sample.
Moreover, each time a particle is generated, the program verifies
that it is not too close to previously generated particles and to the
particles belonging to the neighboring representative samples. For
example, for a bed of touching spheres the particles generated should
not intersect the other particles. Otherwise, the particle is erased, and
another particle is generated.

By this manner beds with infinite length, width, and height are
created. Moreover, no discontinuity of the arrangement is found at
the boundary of neighboring representative samples.

The porosity of the beds generated is strongly dependent on the
dimensionless number d/Rpart. The larger is d/Rpart, the larger is
the porosity. For a bed of randomly generated touching spheres, a
porosity of 0.53 is reached. By comparison, for a regularly packed
bed of touching spheres the porosity is equal to (1 − 4π/3)/8 ≈ 0.48.
In Table 1, we have represented the dimensionless number d/Rpart

for the beds studied and their corresponding porosity for random
and beds.

D. Development of the Monte Carlo Procedure
In this paragraph, we describe in detail the development of the

Monte Carlo procedure, which permits the computation of the pa-
rameters Trans, Sca, E(θ), and S(θ ′).

1) A point in the first representative box is randomly chosen.
His starting coordinates are determined using random numbers that
are independently generated. This starting point must belong to a
porosity of the bed; otherwise, another starting point is generated
until it belongs to a porosity of the bed. Thereafter, the starting
directions of the first rays are randomly chosen using other random
generated numbers.

2) Then, the path of the ray is tracked. The ray-tracking procedure
starts and determines whether the ray hits one of the particles of the
current representative sample or if it reaches one of its boundaries.

a) If the ray hits a particle, the procedure determines its new
coordinates (the coordinates of the hitting point).

i) If the ray had left the sphere of radius Rsphere, then the following
can occur:
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If the current ray has never been reflected, the parameter ntrans is
incremented, the procedure goes back to operation 1, and a new ray
is generated; or if the current ray has already been reflected one or
several times, the angle θ (in degrees) between the starting direction
and the leaving direction is calculated, the parameter Lum(θ) is
incremented, the procedure goes back to operation 1, and a new ray
is generated.

ii) If the ray is still in the sphere of radius Rsphere, the procedure
calculates the angle α between the incident ray and the normal to the
surface of the particle. The procedure determines the probability for
the ray to be reflected. This probability is equal to the reflectivity
of the particle. For specularly reflecting particles, the reflectivity
ρ(α, n) is determined using the Fresnel relation.1,2 For diffusely
reflecting particles, the reflectivity is equal to the hemispherical
reflectivity ρ̄ of the particle.

Then, the procedure determines whether the ray is reflected or ab-
sorbed using a randomly generated number. If the ray is absorbed,
the procedure for the current ray stops, the procedure goes back to
operation 1, and a new ray is generated. If the ray is reflected, the pro-
cedure determines the reflection angle α′. For specularly reflecting
spheres, α′ is equal to −α, whereas, for diffusely reflecting particles,
the reflection angle α′ is randomly determined using a random num-
ber G by α′ = (G − 0.5) × π . The parameter Z(θ ′) is incremented
[where θ ′ = 180 − (α + α′) is expressed in degrees]. Then the pro-
cedure goes back to operation 2 with the new coordinates of the ray
and with its new direction.

b) If the ray reaches the boundary of the representative sample,
the procedure calculates its new coordinates.

i) If the ray had left the sphere, then the following can occur:
If the current ray has never been reflected, the parameter ntrans

is incremented, the procedure goes back to operation 1, and a new
ray is generated. If the current ray has already been reflected one or
several times, the angle θ (in degrees) between the starting direction
and the leaving direction is calculated, the parameter Lum(θ) is
incremented, the procedure goes back to operation 1, and a new ray
is generated.

ii) If the ray is still in the sphere with radius Rsphere, the ray enters
the neighboring representative sample with the same direction, and
the ray-tracking procedure goes back to operation 2 with the new
coordinates of the ray.

The Monte Carlo procedure stops when compt, the number of
rays generated, is greater than the fixed limit ntirs.

The parameter Trans, Sca, E(θ), and S(θ ′) are calculated by

Trans = ntrans

ntirs
, Sca =

∑180
i = 0 Lum(i)

ntirs

E(θ) = Lum(θ)∑180
i = 0 Lum(i)

× 4π, S(θ ′) = Z(θ ′)∑180
j = 0 Z( j)

× 4π

(6)

E. Choice of the Radius Rsphere

The radius Rsphere of the sphere in which the Monte Carlo proce-
dure takes place is an important parameter of the method. We have
verified that the values of the radiative characteristics identified are
independent on Rsphere as long as Rsphere > d + Rpart. However, the
choice of Rsphere used for the calculation could have a strong in-
fluence on the computation time and the accuracy of the identifi-
cation. Thus, given that the Monte Carlo procedure uses randomly
generated numbers to determine the path of the rays, the angular
repartition S(θ) and E(θ) calculated during the Monte Carlo proce-
dure undergo fluctuations. The greater is Rsphere, the less pronounced
these fluctuations are. Indeed, when Rsphere is large the number of
reflection undergone by the rays before leaving the sphere is more
important than for small values of Rsphere, and thus the shape of the
angular repartition is smoother. Then, the radius Rsphere used for the
calculation must not be too small.

On the other hand, if Rsphere is too large the parameter Trans and
Sca calculated by the Monte Carlo procedure become very small,
and the identified values of βbed and ωbed become less precise. More-

Table 2 Values of the radius Rsphere used for the computation
of the radiative characteristics for each bed studied

Porosity ε Corresponding Rsphere used
of the beds value d/Rpart for the computation

0.99602 10 70 × Rpart
0.98884 7 40 × Rpart
0.93975 4 10 × Rpart
0.8572 3 8 × Rpart
0.76153 2.5 7 × Rpart
0.70197 2.3 4 × Rpart
0.65777 2.2 3 × Rpart
0.60596 2.1 3 × Rpart
0.53094 2 3 × Rpart

over, an increase in the value of Rsphere causes an important increase
in the computation time.

For each bed, we then have chosen a value of Rsphere, which repre-
sents a good compromise between the two antagonists phenomenon.
Table 2 shows the values used in this study.

III. Results
A. Evolution of the Extinction Coefficient βbed

The value of the extinction coefficient βbed identified only depends
on the porosity ε of the bed and on the radius Rpart of the particles.
It is independent of the reflecting properties of the particles. We
also remark that, for a given porosity, the extinction coefficient is
proportional to (Rpart)

−1. We then have chosen to study the evolution
of the dimensionless number βbed × Rpart, which only depends on
the porosity of the bed.

1. Limit of the Independent Scattering Theory
As regards the dimensionless extinction coefficient, the results of

our method are depicted on Fig. 5. The results have been obtained
by carrying out several Monte Carlo procedures (ntirs = 106) for
each bed. For each bed, the accuracy of the results has been esti-
mated from the amplitude of the fluctuations of the dimensionless
extinction coefficients calculated from the different Monte Carlo
procedures. The accuracy of the results is presented using error bars
on Fig. 5 and proves to be always lower than 1.5%.

We also have depicted the results of the independent scattering
theory. The extinction coefficient βind is then simply calculated by

βind = Npart × Spart

We have

Npart = ε
/

4
3 π R3

part and Spart = π R2
part

and then

βind × Rpart = 3
4 ε (7)

As can be seen, the dimensionless extinction coefficient calcu-
lated by our method rapidly increases when the porosity of the beds
decreases. This evolution is nonlinear contrary to the evolution pre-
dicted by the independent scattering theory.

As expected, for beds of high porosities the results obtained using
our method are close to the results of the independent scattering
theory.

However, the relative difference between the two method in-
creases rapidly when the porosity decreases and the indepen-
dent scattering theory underestimates the dimensionless extinction
coefficient.

We notice that the difference exceeds 5% when the porosity is
lower than 0.98, which corresponds to d/Rpart

∼= 6. This difference
reaches 45% for beds of touching spheres. In this case, the use
of independent scattering theory then leads to important errors in
radiative transfer calculations.

If the dependent scattering regime is defined by β/βind > 1.1138
in accord with a criterion given by Hottel et al.,2 dependent scatter-
ing occurs as soon as the porosity of the bed is lower than approxi-
mately 0.94. This limit is then even more severe than that of Singh
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Fig. 5 Comparison of the evolution of the dimensionless extinction coefficient predicted by our method to the evolution predicted by independent
scattering theory and by other studies.

Fig. 6 Comparison of the evolution of the normalized albedo of beds of specularly reflecting spheres obtained from our method to Kamiuto’s
correlation at λ= 10 µm.

and Kaviany6 and Kamiuto et al.,8 who respectively concluded that
independent scattering theory is obsolete when porosity is lower
than 0.935 and 0.921.

2. Comparison with Previous Studies
Kaviany and Singh9 and Kamiuto et al.8 have proposed scaling

correlations in order to determine the extinction coefficient of beds
where dependent scattering occurs. These correlations are based on
the results of the independent scattering theory and use a scaling fac-
tor. They have been presented in the introduction. We have applied
these correlations to the beds studied, and the results are compared
with the results of our method on Fig. 5.

As can be seen, the dimensionless extinction coefficient predicted
by the correlations of Kamiuto and Kaviany and Singh is greater
than the one predicted by the independent scattering theory. This
observation is in agreement with the results of our method.

Moreover, when the porosity is greater than 0.75 the correlations
of Kamiuto and Kaviany and Singh prove to be very close to our re-
sults. For example, the maximum relative difference between their
results and our results is respectively 8 and 5% in this range of
porosity.

However, for beds with porosity lower than 0.75, the agreement
between Kamiuto’s correlation and our results is no more satis-
factory. Indeed, the relative difference increases with decreasing
porosity and reaches 17% for a bed of touching spheres (ε = 0.53).

On the other hand, the correlation of Kaviany and Singh is always
very close to our method for the whole range of porosity. Indeed,
the relative difference is always lower than 5%.

In conclusion, as regards the extinction coefficient of the beds, our
results are in very good agreement with the prediction of Kaviany
and Singh and slightly different from the correlation of Kamiuto.
B. Evolution of the Scattering Properties ωbed/ωind and Pbed(θ)

In this paragraph, we choose to study the evolution of the nor-
malized albedo ωbed/ωind in order to compare the evolution of the
albedo for particles with different reflecting properties. For dif-
fusely reflecting particles, the albedo of one particle ωpart = ωind

is equal to its hemispherical reflectivity ρ̄, whereas, for specu-
larly reflecting spheres, it depends on the refractive index and on
the wavelength λ studied. It can be calculated by integrating the
specular reflectivity over all angles of incidence. For the cases
shown in Fig. 6 (λ = 10 µm, n = 6.0 and 4.0), we respectively have
ωpart = ωind = 0.4946 and ωpart = ωind = 0.367.
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Fig. 7 Evolution of the phase function of beds containing specularly reflecting particles with refractive index n = 6.0 at λ= 10 µm.

Fig. 8 Comparison of the evolution of the normalized albedo of beds of diffusely reflecting spheres obtained from our method to Kamiuto’s
correlation.

The evolution of ωbed/ωind and Pbed(θ) with the porosity for
beds of specularly and diffusely reflecting particles are depicted
in Figs. 6–9. In Figs. 7–9, the points in the lower half of the curve
are simply repeated points from the upper half. As for the extinction
coefficient, these results have been obtained using several Monte
Carlo procedures (ntirs = 106) for each bed. For the normalized
albedo, the accuracy of the results has been estimated from the
amplitude of the fluctuations of the albedos identified from the dif-
ferent Monte Carlo procedures. The accuracy of the results are pre-
sented using error bars and proves to be always lower than 0.5%
for specularly reflecting spheres as well as for diffusely reflecting
ones.

As regards scattering phase function of the bed, we notice that
it is independent on the porosity. Moreover, this phase function
is the phase function predicted by independent scattering theory
that is to say the phase function of one particle alone. As was
said before, the fluctuations observed are mainly caused by the
Monte Carlo procedure, which generates random numbers to deter-
mine the path of the rays. These fluctuations are more pronounced
for the directions close to 0 and 180 deg for which the solid an-

gle is small, and then the energy collected during Monte Carlo
procedure is small. They could be noticeably reduced by increas-
ing the number of rays that would also increase the computation
time.

For specularly reflecting particles, the phase function is practi-
cally isotropic except for the directions near the forward direction
in which rays are predominantly scattered. This phase function is a
function of the particle’s refractive index n of and of the wavelength
of radiation studied. It is expressed in the form14

P(θ) = ρλ[(π − θ)/2, n]/ρ̄ (8)

On the other hand, for diffusely reflecting spheres the phase func-
tion is primarily oriented in the backward direction and is indepen-
dent on the reflectivity of the particles. Indeed, this phase function
is expressed in the form14

P(θ) = (8/3π)(sin θ − θ cos θ) (9)

As regards the evolution of the normalized scattering albedo
ωbed/ωpart with the porosity, we notice that it mainly depends on
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the reflecting properties of the particles. However, the shape of the
curves is similar whatever the reflecting properties of the particles
are. Thus, when the porosity is close to one the albedo of the bed is
close to the albedo of one particle alone given that the independent
scattering hypothesis is satisfied. Then, when porosity decreases the
albedo of the bed weakly increases and reaches a maximum for a
porosity of approximately 0.8. For smaller porosities, the albedo
decreases.

The value of the maximum normalized albedo ωbed/ωpart de-
pends on the reflective properties of the particles. Thus, for dif-
fusely reflecting particles as well as for specularly reflecting ones
we notice that the less the particles reflect, the higher it is. How-
ever, the maximum value of the normalized albedo is always
close to one. For example, the maximum value is approximately
1.06 for beds of specularly reflecting spheres with n = 4.0 at
λ = 10 µm.

In conclusion, we can say that when dependent scattering occurs
the albedo of the bed slightly increases. However, it stays very close
to the albedo predicted by independent scattering theory.

The studies of Kamiuto et al. and Kaviany and Singh assumed
that the phase function is left unchanged when dependent scattering
occurs. Then the results of our method tend to confirm the hypothesis
of both authors.

On the other hand, as regards the albedo of the bed, they did
not lead to the same conclusions. Indeed, Kaviany and Singh con-
sidered that the scattering albedo is left unchanged even when the
particles are close to each other, whereas Kamiuto et al. considered
that there is an increase of the albedo when dependent scattering oc-
curs. Moreover, they proposed a correlation to calculate the albedo
of the bed from the results of independent scattering theory and the
porosity of the bed. The correlation has been presented in the intro-
duction. We have compared this correlation with our results in Figs. 6
and 8.

We notice that the albedo predicted by Kamiuto’s correlation is
always greater than the albedo of independent scattering theory.
Moreover, the less the particles reflect, the higher is the albedo.
These observations are in good agreement with our results.

However, as can be seen in Figs. 6 and 8, the values of the nor-
malized albedo predicted by Kamiuto is always much greater than
the one obtained from our identification method. For example, a
normalized albedo of 1.6 is predicted by Kamiuto’s correlation for
beds of specularly reflecting particles with index n = 4.0, whereas
the maximum value calculated by our method is 1.06.

Our results are then in better agreement with those of Kaviany
and Singh as regards the albedo of the bed.

Fig. 9 Evolution of the scattering phase function of beds containing diffusely reflecting particles with the porosity.

C. Comparison with Experimental Results
of Hemispherical Transmittances

We have also calculated the hemispherical transmittances of a
packed bed of alumina spheres under the condition corresponding
to the experiment of Chen and Churchill.13 The physical properties
of this packed bed are shown in Table 3. We assumed that the par-
ticles in the bed were diffusely reflecting. The boundary conditions
corresponding to the experiment are given by

I (0, µ > 0) = 1/π, I (y0, µ < 0) = 0 (10)

The porosity of the packed bed studied is equal to 0.49, which
corresponds to a bed where the particles are slightly compressed.
Thus, we have generated a bed of compressed spheres where
d/Rpart = 1.932 (two for noncompressed particles) and ε = 0.49.
Thereafter, our method was applied to this bed in order to obtain the
radiative characteristics of the homogeneous absorbing and scatter-
ing medium associated with the bed.

The one-dimensional radiative transfer equation was then solved
using the discrete ordinates method with a quadrature of 180 direc-
tions and 50 nodes. The resolution of the luminance field is then
very accurate. The hemispherical transmittance was calculated by14

T = 2π

∫ 1

0

I (y0, µ)µ dµ (11)

The comparison between experimental and theoretical transmit-
tances obtained using our method is shown in Fig. 10. We have
also depicted the results of Kamiuto as well as the results of the
independent scattering theory and of the correlation of Singh and
Kaviany.

We remark that all of the theoretical predictions of the hemispher-
ical transmittances through the packed bed fail to reproduce exactly
the behavior of the bed for small values of the dimensionless packed
bed thickness. This could be explained by the fact that the theoretical
predictions are only applicable to beds with a thickness greater than
several diameter of particles.

Table 3 Physical properties of the packed bed
of alumina spheres

Parameters Alumina sphere

Diameter dp , mm 4.763
Porosity ε 0.49
Number density n p , sphere/m3 9.017 E6
Hemispherical reflectivity R 0.72
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Fig. 10 Comparison of the experimental hemispherical transmittance through a packed bed of alumina spheres, measured by Chen and Churchill,
to the theoretical.

However, we notice that the results of the independent scattering
theory as well as the results of Kamiuto noticeably overestimate the
hemispherical transmittance for the whole range of dimensionless
packed bed thickness. On the other hand, the results obtained from
our method and from the correlation of Kaviany and Singh, which
are very close to each other, are in better agreement with the exper-
imental results. Indeed, as soon as the dimensionless thickness of
the bed is greater than 1.5 the values of the hemispherical transmit-
tances predicted by these methods are acceptable when compared
to experimental values.

IV. Conclusions
In this paper, we have presented a new method to predict the

radiative characteristics of opaque spherical particles beds. It could
be used for the whole range of porosity and take into account the
dependent scattering effects.

The method has been applied to beds of porosity ranging from 1 to
0.53 containing particles with various reflecting properties. The limit
of validity of independent scattering theory has been investigated
and proves to be close to that proposed by previous studies.

The radiative characteristics obtained were also compared to
those predicted by the correlation of Kamiuto et al. and the cor-
relation of Kaviany and Singh. Both correlations are based on the
computation of a scaling factor in order to calculate the real ex-
tinction coefficient of the bed from the extinction coefficient of the
independent scattering theory. They also assumed that the scattering
phase function is left unchanged when dependent scattering occurs.
However, as regards the scattering albedo, Kaviany and Singh con-
cluded that it is left unchanged, whereas Kamiuto et al. proposed a
correlation to determine the variation of the scattering albedo with
the porosity.

The results of the new method prove to be very close to the cor-
relation of Kaviany and Singh. On the other hand, noticeable dif-
ferences are found with the results of the correlation of Kamiuto
et al. as regards the extinction coefficient as well as the scattering
albedo.

Thereafter, the hemispherical transmittances through packed beds
of opaque diffusely reflecting alumina spheres were calculated us-
ing the radiative characteristics obtained by our method and the
discrete ordinates method. The results were compared to the exper-
imental results of Chen and Churchill and to theoretical predictions
obtained by the other studies in order to estimate the validity of the
predictions. It appears that the results of the correlation of Singh
and Kaviany and the results of our method are in better agreement
with experimental results than the results of the independent scat-

tering theory and the results of the correlation of Kamiuto, which
overestimate the transmittance.

Finally, our method could be of great interest given that it could
be easily extended to beds of semitransparent particles as well as to
heterogeneous media ranging in the geometric optics limit and for
which the morphology is known (cellular materials).
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